Abstract. In this paper we characterize the boundedness, compactness and closedness of the range of the weighted composition operators on Lorentz spaces L(p, q), 1 < p ≤ ∞, 1 ≤ q ≤ ∞.
Introduction
Let f be a complex-valued measurable function defined on a σ-finite measure space (X, A, µ). For s ≥ 0, define µ f the distribution function of f as µ f (s) = µ{x ∈ X : |f (x)| > s}.
By f * we mean the non-increasing rearrangement of f given as f * (t) = inf{s > 0 : µ f (s) ≤ t}, t ≥ 0.
For t > 0, let
For a measurable function f on X, define f pq as
The Lorentz space L(p, q) consists of those complex-valued measurable functions f on X such that f pq < ∞. Also · pq is a norm and L(p, q) is a Banach space with respect to this norm ( [14] , Theorem 3.22, pp. 204). The L p -spaces for 1 < p ≤ ∞ are equivalent to the spaces L(p, p). For more on Lorentz spaces one can refer to [2, 5, 11, 12 and 14] . Let T : X → X be a measurable (T −1 (E) ∈ A, for E ∈ A) non-singular transformation (µ(T −1 (E)) = 0 whenever µ(E)=0) and u a complex-valued measurable function defined on X.
We define a linear transformation W = W u,T on the Lorentz space L(p, q) into the linear space of all complex-valued measurable functions by
The study of these operators on L pspaces has been made in [3, 6, 7, 13 and 15] and references therein. Composition and multiplication operators on the Lorentz spaces were studied in ( [9] , [10] ) and [1] respectively. In this paper a characterization of the non-singular measurable transformations T from X into itself and complex-valued measurable functions u on X inducing weighted composition operators is obtained and subsequently their compactness and closedness of the range on the Lorentz spaces L(p, q), 1 < p ≤ ∞, 1 ≤ q ≤ ∞ are completely identified.
Characterizations
Theorem 2.1. Let (X, A, µ) be a σ-finite measure space and u : X → C a measurable function. Let T : X → X be a non-singular measurable transformation such that the Radon-Nikodym derivative
Therefore, for each t ≥ 0, we have
This gives
and consequently, we have
The result follows.
Theorem 2.2. Let u be a complex-valued measurable function and T : X → X be a non-singular measurable transformation such that T (E
Proof. If possible u be not in L ∞ (µ). Then for each natural number n, the set E n = {x ∈ X : |u(x)| > n} has a positive measure. Now using the fact that 9] ). Let u be defined as
Example 2.6. Let X = R and A be σ-algebra of Borel subsets and µ be Lebesgue measure. For a ∈ R, a > 0 fixed, if we define T : X → X as T (x) = x + a and u(x) = x for each x ∈ X. Then µT
Compactness and closed range
In this section an effort has been made to discuss the compactness, the closed range and the injectiveness of the weighted composition operator
Let T : X → X be a non-singular measurable transformation with
and so we obtain
Now if f T is bounded away from zero on S, i.e., f T > δ a.e. for some δ > 0, then
for all E ∈ A, E ⊆ S, where S = {x : u(x) = 0}. Thus we find that 
where 
Proof. Suppose W = W u,T is compact. If u · f T = 0, then there exists some k ≥ 1 such that the set
has positive measure. Since µ is non-atomic we can find a sequence {E n } of measurable subsets of E such that
.
Hence
for some ε > 0 and large values of n.
Thus {W e n } does not admit a convergent subsequence, which contradicts the compactness of W .
The converse is obvious.
The following theorem establishes a characterization for a weighted composition operator to have a closed range on L(p, q). Proof. Suppose that W = W u,T has closed range, then there exists an ε > 0 such that
pq (S). Therefore using (3.1) we obtain
which is a contradiction. Therefore |u(x)| ≥ δ a.e. on S.
Conversely if |u(x)| ≥ δ a.e. on S, then using f T > k a.e. for some k > 0 and (3.2) we have, for f ∈ L pq (S),
Therefore W has closed range being ker(W ) = L pq (X \ S).
The following Theorem follows directly using the observation (3. The converse part is obvious.
